Abstract. The Pruning Front Conjecture is proved for an open set of Hénon parameters far from unimodal. More specifically, for an open subset of Hénon parameter space, consisting of two connected components one of which intersects the area-preserving locus, it is shown that the associated Hénon maps are prunings of the horseshoe. In particular, their dynamics is a subshift of the two-sided two-shift.
Introduction
Pruning was introduced by Cvitanović [5] to describe the dynamics of the Hénon (or Lozi) family. The main idea of pruning is to describe Hénon maps as partially formed horseshoes or, put another way, as horseshoes from which part of the dynamics was destroyed or pruned away. Roughly, the Pruning Front Conjecture (PFC) states just that: every map in the Hénon family is a pruning of the horseshoe, which is proved here for an open set of parameter values far from the degenerate unimodal world. More precisely, it is shown that there are two open topological disks in parameter space, one of which intersects the area-preserving locus (and contains parameters previously studied by Davis, MacKay and Sannami [7] ), whose associated Hénon maps are non-trivial prunings of the horseshoe.
Pruning can be described as a way to give a topological description of the dynamics of surface homeomorphisms and the mechanism of creation or destruction of chaos in 2-dimensions. A means to formalize this idea, due to de Carvalho 1 , is to introduce pruning isotopies which destroy pieces of the dynamics of a surface homeomorphism f 0 in a controlled way [8] . Here to destroy dynamics means to convert non-wandering points into wandering points, and in a controlled way means that this destruction occurs in regions which we can define explicitly in terms of f 0 . A precise formulation of this is as follows: Definition 1.1. Let D be a domain of the plane, f 0 : R 2 → R 2 a homeomorphism of the plane. Let P := ∪ i∈Z f i 0 (D) be the saturation of D under f 0 . An isotopy f t : f 0 ≃ f 1 is a pruning isotopy if:
(1) Supp(f t ) ⊂ P, and (2) NW(f 1 ) = NW(f 0 ) \ P, where NW(f ) denotes the non-wandering set of f .
In [8] conditions on D were introduced to ensure the existence of pruning isotopies; a disk D satisfying these conditions is called a pruning disk.
Theorem 1.2 (Pruning theorem)
. Given a pruning disk D for a homeomorphism f 0 , there exists a pruning isotopy associated to D.
In words, a pruning disk D for a homeomorphism f 0 is a topological disk for which it is possible to destroy all of the orbits of f 0 which enter D, while leaving other orbits untouched.
The homeomorphism f 1 is called the pruning homeomorphism of f 0 associated to the disk D. It is important to see that pruning theory gives models to understand the topological dynamics of homeomorphisms. If we start with a homeomorphism f 0 we can construct the pruning family of f 0 , P(f 0 ), defined to be the closure of the family of all the homeomorphisms obtained applying the pruning theorem to f 0 a finite number of times. Depending on f 0 , the pruning family P(f 0 ) contains infinitely many different models of dynamics. For example, if f 0 = F is the Smale horseshoe it can be proved that P(F ) has uncountably many topological models. See [8] for these facts.
In this paper, we use pruning to study the Hénon family [10] which is the family of diffeomorphisms of the plane defined by
Our work is related to the Pruning Front Conjecture (PFC); which states that each Hénon map can be understood as a partially formed horseshoe, i.e., what is obtained from the horseshoe after pruning some orbits: Pruning Front Conjecture (PFC). Up to semiconjugacy, the real Hénon family is contained in P(F ), that is, for any choice of real parameter values a, b, the Hénon map H a,b belongs to P(F ), up semiconjugacy.
Many authors have found numerical evidence that for certain choices of parameters (a, b), the non-wandering set of H a,b is a subset of the Smale horseshoe, e.g. [6, 7] . In particular, Davis, Mackay and Sannami [7] give parameter values (a 1 , b 1 ) = (5.4, 1) where the non-wandering set of H a,b seems to be a subshift of finite type. On other hand, in [1] Arai showed a rigorous computational method to prove hyperbolicity for certain parameter values in the Hénon family. These parameter values contain (a 1 , b 1 ) above and (a 2 , b 2 ) = (2.25, 0.25).
We use the above facts to prove the PFC in some open neighborhoods around (a 1 , b 1 ) and (a 2 , b 2 ). Our main theorem is the following. In §2 we will define which pruning disks we are going to use. In §3, we present some concepts and results for the complex Hénon family and using Arai's theorem [2] , we show Theorem 1.3.
2.
The horseshoe, Pruning theory and shift automorphisms 2.1. The Smale Horseshoe. In this section we recall the definition of the Smale horseshoe and set the notation to be used. The Smale horseshoe F is a hyperbolic diffeomorphism of the plane whose dynamics in its non-wandering set is conjugate to the shift σ in
Consider the square Q = [−1, 1] × [−1, 1] joined to two semi-disk of radii 1/2 and centered in (−1, 0) and (1, 0) . Foliate the square Q with horizontal unstable leaves and vertical stable leaves, and begin by choosing the action of F on Q as depicted in Figure Figure 1 . Dinamics of F .
1. We require that F should stretch the unstable leaves uniformly and contract the stable leaves uniformly by factors λ and µ, respectively, with λ > 2 and µ < 1/2.
Then it is possible to prove that the non-wandering set NW(F ) is a Cantor set in the plane together with a fixed point x in the left semi-circle. Making a homotopy we can suppose that x is the point ∞ so the non wandering set is only the Cantor set. We also suppose that if z ∈ NW(F ) then W s (z) ∩ Q is a vertical segment and W u (z) ∩ Q is a horizontal segment.
The conjugacy ϑ : NW(F ) → Σ 2 between the horseshoe F and the shift σ is chosen to be usual one, that is, for any z = (x, y) in NW(F ) the symbol sequence associated is ϑ(z) = (s i ) i∈Z where:
and π 1 is the projection on the first coordinate π 1 (z) := x. In the following, we identify one point z ∈ NW(F ) by its code or symbolic representation h(z) in Σ 2 . When writing elements s ∈ Σ 2 , it is common to juxtapose a point between s −1 and s 0 to indicate the origin of the sequence.
2.2.
Pruning. We now present the main definitions and results from [8] . We adapt them to the needs of this paper and avoid technical details will not be used here. In [8, Section 1] a pruning disk is defined to be an open topological disk D, whose closure is a closed topological disk, its boundary can be written as ∂D = C ∪ E, where C and E are arcs which meet only at their endpoints, and satisfy the dynamical conditions below plus some technical conditions.
A disk D is a pruning disk if
For our purposes, C and E will always be segments of stable, unstable manifolds, respectively, and the definition is made using the concept of homoclinic pruning disk below. .3) and C and E satisfy:
Observe that the conditions ensure that the stable and unstable manifolds of all points in NW(F ) do not accumulate internally on ∂D.
Example 2.2. Let D be the homoclinic disk defined by the homoclinic points p 0 = 0 ∞ 1111 · 10110 ∞ and p 1 = 0 ∞ 1110 · 10110 ∞ . See Figure 2 . In this case, we need three forward iterates of p 0 and p 1 to see that, ∀n > 0, the segment F n (C) does not intersect D, and three backward iterates to see that F −n (E) does not intersects D.
We define pruning region associated to D to be the open set P := ∪ ∞ i=−∞ F i (D). The set P s := ϑ(P ∩ NW(F )) is called the symbolic pruning region. Now let f 0 := F be the horseshoe. Then it follows from [8] that: Because we are considering only homoclinic disks as in Definition 2.1, the subshifts obtained by this procedure will always be of finite type. More general subshifts can be obtained considering general pruning disks but they will not occur here.
The pruning family P(F ) is defined to be the closure, in the C 0 -topology, of the set of all the prunings of F . It can be shown that P(F ) contains uncountably many different models of dynamics and the Pruning Front Conjecture states that P contains enough models to describe all Hénon maps.
Pruning automorphisms.
In this section certain automorphisms of the shift will be discussed. They will be called pruning automorphisms.
Given N ∈ N and s ∈ {0, 1} we set s N := s i s i .. Let f N,M be the pruning homeomorphism associated to D N,M as in theorem 2.3. An automorphism of the shift is a shift commuting homeomorphism from Σ 2 to Σ 2 . The set of all the automorphisms of the shift is denoted by Aut(Σ 2 ), and Fix(ρ) denote the set of fixed points of a automorphism ρ.
The definition below associates an automorphism of the shift to a pruning disk D N,M . These are called pruning automorphisms. 
3. The Hénon family 3.1. The horseshoe locus. The Hénon family has an extension, also denoted H a,b , to C 2 , with (a, b) ∈ C × C * . This has been investigated by many authors. See, e.g., [3, 4, 11, 12] .
Here we state some definitions and results of real and complex Hénon maps. Define
} n∈Z is bounded } to be the set of bounded orbits and K R a,b := K C a,b ∩ R 2 . Let H C be the set of (a, b) ∈ C × C * such that the restriction of H a,b to K C a,b is topologically conjugate to the full 2-shift (σ, Σ 2 ). The set H C is called the horseshoe locus. Likewise, let H R be the set of (a, b) ∈ R 2 such that the restriction of H a,b to K R a,b is topologically conjugate to the full 2-shift. Devaney and Nitecki showed that H R = ∅ and contains the set
Hubbard and Oberste-Vorth ( [14] ) showed that H C contains the set
Observe that DN ⊂ HOV. In [2] , Arai shows that there are parameters values in (a, b) ∈ H C ∩ R 2 such that K R = ∅ but H a,b restricted to K R is not conjugate to a full horseshoe. Those were called parameters of type-3. Also, in [4] , Bedford and Smillie exhibited a way to join distinct connected components of the real horseshoe locus, H C ∩ R 2 , using loops in H C . This can be accomplished by loops starting in DN. Let H C 0 be the connected component of H C that contains HOV and take a point (a 0 , b 0 ) ∈ DN ⊂ H C 0 . Then there exists a conjugacy
0 with basepoint in (a 0 , b 0 ). By structural stability there are conjugacies h t between K C γ(t) and Σ 2 . Since γ(0) = γ(1) = (a 0 , b 0 ), we can define an automorphism of the 2-shift
. Thus, ρ sends a loop γ to an automorphism in Aut(Σ 2 ) which only depends on the homotopy class of the loop, [γ] . Therefore, the map:
is a group homomorphism. The map ρ is called the monodromy homomorphism.
Some results about the horseshoe locus were obtained by Arai in [2] . His main result relates to the loops in H C 0 which pass through real parameter values (a, b). Theorem 3.1 (Arai) . If (a, b) ∈ H C 0 ∩ R 2 , then there exists a loop γ := α −1 · α, where α is a path in H C 0 starting in (a 0 , b 0 ) and ending in (a, b) (so that γ(1/2) = (a, b)), such that (i) the image of K R a,b under h 1/2 is exactly Fix(ρ(γ)), and (ii) this identification is dynamical, i.e.
Arai's proof uses the fact that a Hénon map H a,b is conjugate to H a,b by the complex conjugation ϕ(x, y) := (x, y).
It is natural to ask what automorphisms in the theorem above are realized by real Hénon maps. In the next section, we will observe that among those automorphisms are some pruning automorphisms.
the application
Now we prove a theorem that allows one to show that a parameter pair (a, b) corresponds to a pruning homeomorphism. Theorem 1.3 follows as a direct application using the rigorous numerical work of Arai [1, 2] . Definition 4.1. Let γ be a closed curve in C 2 and γ := ϕ(γ). In the following we suppose γ(0) ∈ DN. We say that γ is symmetric if
When γ is symmetric it follows that γ(1/2) ∈ R 2 . Equation 
Further parameters values
The technique above can be used to prove further cases of PFC provided the symmetric paths as in Theorem 4.2 are found. There is numerical evidence that many other paremeter regions fall into this proof scheme but this has not been rigorously verified. For instance, some parameter values are the following with their respective pruning disks. We conjecture that all these parameters are in the horseshoe locus, because, numerically, it seems that there are paths in H C joining these parameters values with points in DN : these paths can be found using the program SaddleDrop 2 and drawing the complex unstable manifold of the fixed point 0 ∞ .
As an example, consider the parameter values (a, b) = (2.812, 0.4). The pruning disks conjectured for this map are D 1,2 and the homoclinic disk D ′ defined by the homoclinic orbits p 0 = 0 ∞ 10111 · 100110 ∞ and p 1 = 0 ∞ 10110 · 100110 ∞ (See Figure 4) . To justify that (2.812, 0.4) ∈ H C , we take 9 points in the complex parameter space which, at least numerically, seem to belong to a path joining (2.812, 0.4) and the parameter values (3.149, 0.4) ∈ DN . To see that this path is entirely contained in H C , draw (using SaddleDrop) the intersection of the set K a,b of bounded orbits with the complex unstable manifold of 0 ∞ . These are shown in Figures 5 -13 . Observing these figures one see what seems to be a Cantor set varying continuously in C 2 . It suggests that these values are in the horseshoe locus. for helping me prepare this manuscript. I acknowledg the hospitality of the Instituto de Matemática e Estatística IME-USP where this work was carried out.
